Log-convexity of Favard's difference is proved, and Drescher's and Lyapunov's type inequalities for this difference are deduced. The weighted case is also considered. Related Cauchy type means are defined, and some basic properties are given.
Introduction and Preliminaries
Let f and p be two positive measurable real valued functions defined on a, b ⊆ R with b a p x dx 1. From theory of convex means cf. 1, 2 , the well-known Jensen's inequality gives that for t < 0 or t > 1, 
1.2
He has given the following. Let us write the well-known Favard's inequality. 
1.6
Karlin and Studden cf. 5, page 412 gave a more general inequality as follows. 1.7
For φ y y p , p > 1, we can get the following from Theorem 1.5.
Theorem 1.6. Let f be continuous concave function such that
If 0 < p < 1, the reverse inequality holds in 1.8 .
In this paper, we give a related results to 1.3 for Favard's inequality 1.4 and 1.8 . We need the following definitions and lemmas.
Definition 1.7. It is said that a positive function f is log-convex in the Jensen sense on some
holds for every s, t ∈ I.
We quote here another useful lemma from log-convexity theory cf. 3 .
Lemma 1.8. A positive function f is log-convex in the Jensen sense on an interval I ⊆ R if and only if the relation
holds for each real u, w and s, t ∈ I.
Throughout the paper, we will frequently use the following family of convex functions on 0, ∞ :
− log x, s 0;
x log x, s 1.
1.11
The following lemma is equivalent to the definition of convex function see 4, page 2 . Now, we will give our main results.
Favard's Inequality
In the following theorem, we construct another interesting family of functions satisfying the Lyapunov inequality. The proof is motivated by 3 .
Theorem 2.1. Let f be a positive continuous concave function on a, b ; f is defined in 1.5 , and
2.1
Then Δ s f is log-convex for s ≥ 0, and the following inequality holds for 0 ≤ r < s < t < ∞:
Proof. Let us consider the function defined by
where r s t /2, ϕ s is defined by 1.11 , and u, w ∈ R. We have
Therefore, φ x is convex for x > 0. Using Theorem 1.4, 
2.5
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we have
By Lemma 1.8, we have
that is, Δ s f is log-convex in the Jensen sense for s ≥ 0. Note that Δ s f is continuous for s ≥ 0 since
This implies Δ s f is continuous; therefore, it is log-convex. Since Δ s f is log-convex, that is, s → log Δ s f is convex, by Lemma 1.9 for 0 ≤ r < s < t < ∞ and taking φ s log Δ s f , we get
which is equivalent to 2.2 . 
2.12
Proof. An equivalent form of 1.12 is
where x 1 ≤ y 1 , x 2 ≤ y 2 , x 1 / x 2 , and y 1 / y 2 . Since by Theorem 2.1, Δ s f is log-convex, we can set in 2.13 : ϕ x log Δ x f , x 1 s, x 2 t, y 1 u, and y 2 v. We get
14 from which 2.12 trivially follows.
The following extensions of Theorems 2.1 and 2.2 can be deduced in the same way from Theorem 1.5. 
2.15
Then Δ s f is log-convex for s ≥ 0, and the following inequality holds for 0 ≤ r < s < t < ∞: 
2.17

Weighted Favard's Inequality
The weighted version of Favard's inequality was obtained by Maligranda et al. in 6 . 
3.5
Then Π s f is log-convex on 0, ∞ , and the following inequality holds for 0 ≤ r < s < t < ∞:
2 Let f be an increasing convex function on a, b , f a 0, Π s f : −Π s f . Then Π s f is log-convex on 0, ∞ , and the following inequality holds for 0 ≤ r < s < t < ∞:
3.7
Proof. As in the proof of Theorem 2.1, we use Theorem 3.1 1 instead of Theorem 1.4. 
3.9
Proof. Similar to the proof of Theorem 2.2. 
3.10
Then Γ s f is log-convex on 0, ∞ , and the following inequality holds for 0 ≤ r < s < t < ∞:
2 Let f be a decreasing convex function on a, b , f b 0, Γ s f : −Γ s f . Then Γ s is log-convex on 0, ∞ , and the following inequality holds for 0 ≤ r < s < t < ∞:
3.12
Proof. As in the proof of Theorem 2.1, we use Theorem 3.1 2 instead of Theorem 1.4.
Theorem 3.5. 1 Let f and Γ s f be defined as in Theorem 3.4(1), and let t, s, u, v ≥ 0 be such that s ≤ u, t ≤ v, s / t, and u / v. Then
Γ t f Γ s f 1/ t−s ≤ Γ v f Γ u f 1/ v−u .
3.13
2 Let f and Γ s f be defined as in Theorem 3.4(2) , and let t, s, u, v ≥ 0 be such that s ≤ u, t ≤ v, s / t, and u / v. Then
3.14
Proof. Similar to the proof of Theorem 2.2.
Remark 3.6. Let w ≡ 1. If f is a positive concave function on a, b , then the decreasing rearrangement f * is concave on a, b . By applying Theorem 3.4 to f * , we obtain that Γ s f * is log-convex. Equimeasurability of f with f * gives Γ s f Γ s f * and we see that Theorem 3.4 is equivalent to Theorem 2.1. 
Cauchy Means
Let us note that 2.12 , 2.17 , 3.8 , 3.9 , 3.13 , and 3.14 have the form of some known inequalities between means e.g., Stolarsky means, Gini means, etc. . Here we will prove that expressions on both sides of 3.8 are also means. The proofs in the remaining cases are analogous. 
4.8
We give a proof that the expression in square brackets in 4.8 is nonzero actually strictly positive by inequality 3.2 for nonlinear function f. Suppose that the expression in square brackets in 4.8 is equal to zero, which is by simple rearrangements equivalent to equality 
